MAOGHMATIKA I'" AYKEIOY

OETIKHZ KAI TEXNOAOIIKHZ KATEYOYNzHZ 2004

EKOQNHZEIZ

OEMA1lo

A.

'EoTtw pia cuvaptnon f opiouevn @' €va diaoTnua A Kal Xp £va £0WTEPIKO
onueio Tou A. Av n f napouoidlel TomkO akpOTATO OTO Xo Kal €ival
napaywyioiun orto onueio auTod, va anodeiEeTe ot f' (Xq) = 0.

Movadeg 10

NoTte wia ouvaptnon f Aeue OTI €ival napaywyioiyn O €va onueio Xo Tou
nediou opiouoU TNG;
Movadeg 5

Na xapakTnpiosTe TIC NPOTACEIC NOU akoAouBouv ypagovTag oTo TeETPadiod
0ag TN A£€n TwoTo 1 AdBog dinAa oTo ypduua Mou avTIoTOIXEl O KaBe
npoTaon.

a. H diavuopaTikn akTiva Tou aBpoiopaTtog dUo Piyadikwy apiBuwv €ival 1o
afpoioua Twv dIaVUCNATIKWV AKTIVWV TouG.
Movadeg 2

B. lil)n f(x) =/, av ka pévo av lim f(x)= lim f(x)=/
X=X, X—>Xg XX

Movadeg 2

Y. Av ol cuvapTnoeig f, g gival napaywyioipgeg aTo Xo, TOTE N cuvaptnon f-g
gival napaywyioiyn oTo Xo Kal 1oxUEl:
(f-g) " (x0) = f'(X0) 9" (Xo)-
Movadeg 2

0. 'Eotw pia ouvaptnon f, n onoia €ivar ouvexng os €va diaotnua A. Av
f'(x)>0 og kGBe €o0wTEPIKO Onueio X Tou A, TOTE n f €ival yvnoiwg
PpBivouoa os 6Ao To A.

Movadeg 2

€. 'Eotw f pia ouvexng cuvaptnon ¢ &va diaotnua [a, B]. Av G sival pia
napayouoa TnG f oTo [a, B], TOTE

Jfodt = G - G(@)
Movadeg 2




OEMA20
Aiveral n ouvaptnon f pe TOno f(x)=x? Inx.

a. Na Bpeite 10 nedio opioyoU TnG ouvaptnong f, va PEAETHOETE TNV
pgovoTovia Tng Kal va BpeiTe Ta akpoTaTa.

Movadeg 10
B. Na peAethoete TNV f WG NPOC TNV KUPTOTNTA KAl va BpEiTE Ta onueia
Kaunng.
Movadeg 8
Y. Na Bpeite To oUvoAo TipwV TNG f.
Movadeg 7

OEMA 30

AiveTal n ouvaptnon g(x)=e*f(x), onou f cuvaptnon napaywyiociyn oto R Kai

f(o):f@j:o.

a. Na anodscieTe OTI UNAPXEl VA TOUAAXIOTO & e (0, —j TETOIO WOTE
2

' (§)=-f(8).
Movadeg 8
B. Eav f(x)=2x2-3x, va unoAoyioeTe To OAOKARpwHA
0
I(0) = j g(x)dx, aeR.
Movadeg 8
y- Na Bpeite 0 6pio lim I(at).
0——00
Movadeg 9

OEMA 40

'Eotw n ouvexng ouvaptnon f: R - R TeToia wote f(1)=1. Av via kaBe x € R,
IoXUEl

3
g(x) :L |Zf (t)dt -3

onou z=a+Bi € C, ye a, B € R*, TOTE:

1
z+—|(x-1)>0,
z

a. Na anodeieTe 0TI n cuvapTnon g €ival napaywyioiun oro R kar va Bpeite

™Mmag'.
Movadeg 5
. . 1
B. Na anodeifete oTi |2 = |z + .
Z
Movadeg 8
Y. Mg ddopgvn Tn OXEON TOU EPWTNHATOC B va anodeiEeTe OTI
1
Re(z*)=——.
(z°) 5
Movadeg 6




3. Av eninAgov f(2)=a>0, f(3)=B kal a>B, va anodei&eTe OTI UNAPXEIl Xo €
(2, 3) TeTol0 WOTE f(Xo)=0.
Movadeg 6




AMNANTHZEIZ

OEMA1lo

A. Oswpnua (Fermat) oeA. 260 axoA. BiBAiou.

B. Opiopog oeA. 213 axoA. BiBAiou.

r.
a B Y (] [
2 * A A p3
(*) H anavtnon oto epwTtnua 1 [ B pynopei va Xxapaktnpiobei ZwoTod povo €’
oogov n ouvaptnon f e€ival opioyévn O OUVOAO TNG MOPONG
(a,x,)u(x,,f). Onwg eivar diaTunwpevn, OwWOTO €ival POVO TO
avtioTpogo. AnAadn av lim f(x)= lim f(x)=/= lim f(x)=/, apou
yla TNV NEPINTWON ToUu €UBEWC pnopei va BewpnBolv wg cUvoAa opiouoU
™G f kai Ta pepovwpeva ouvoAa (a,x,) N (x,, ). Enopevwg and
auoTnpn yabnuaTikn dnown, n andavrtnon ivar Aadog.
OEMA1lo
a. Mpéne x>0. Apa 4, = (0,+»).

H f sival napaywyioiyn oto didoTnua (0,+00) WG YIVOPEVO napaywyioigwyv
OUVApPTACEWV @' AuTO PE

£ =" Inx)'=(x*)"Inx+x’(Inx)'=

:2x-lnx+x2-l:2x-lnx+x:x-(21nx+l)
X

'EXOUME:
f'xX)=0< x-(2lnx+1)=0. Onore:
x=0 anoppinTeral apou A4, = (0,+oo)

1
n 21nx+1:O<:>lnx:—%<:>x:e 2,

: ;-1/24-
NS

T. min.

+000

Enopevwg n ouvaprtnon f ivai:




1 1
e vnoiwg @Bivouoa oo (0,e %], apou eival ouvexng oto (0,e %] kai 10xUEl
1
o f '(x) <0 agTo (O,e 2).

1 1
e lvnoiwg av&uoa oTo [e %,40) , apoU eival ouvexng oto [e 2,+) Kal
1
Ioxvel 0T f* (x) >0 gTo (e 2,4+0).
1
‘Apa napouacialel oAikO eAaxioTo yia x =e 2> TO
1 1 1
N < 1 1
e?)=(e?) - lne?=——e'=——
fle?)=(e?) 5 2

B. H f egivat kar 2" @opa napaywyioiun oto (0,+%) wg Yyivopevo JiIg
napaywyicigwv ouUVapTAOEWV (of3 auTo ME
f"(x)=2x-Inx+x)'=2Inx+2+1=2Inx+3.

'EXOUE:

3
f"(x):O<:>21nx+3:O<:>lnx:—%<:>x:e 2

X |0 e +o0
- o
1IN
2K
S 3
fle)=(e P In(e =S¢t =2
2 2e

Enopevwg n ouvaprtnon f ivai:
3
e koiAn ato (0,e ?]
3
e KUPTN OTO [e %,+x).
3

. . . = 3
Apa napouciadel onueio kaunngTo M (e 2,—2 7).
-

y. Eivan:
. . . ln X (De L'Hospital)
e lim f(x)=lim x’Inx=lim — =

x—o" x—o" oot 1
2
X
1
— 4 2
X
= lim —<—=lim | — ~|=—lim —=0
oot 2X x—o" X x>0t 2




e lim f(x)= lim (¥*In x)=+0.

X—>+00 X—>+00

1
Engidn n f eival yvnoiwg @bivouoa kal cuvexng oto diactnua (0,e %], eival

ol L
f((o,e ]j—[ 0

1
Engidn n f €ival yvnoiwg al&ouoa kal ouvexng oto diaoTtnua [e 2,+w) eival

7% o0 ——i o0
f{[e S+ )j—[ 50

. 1 1 1
Apa To GUVOAo TGV TG f gival £((0,+w0)) = [-—,0) U[~—,+00) = [-—,+0).
2e 2e 2e

'ETO1, TO TOMIKO AKPOTATO AMO TO EPWTNMA A, UMOPEI va XAPAKTNPIOTElI KAl WG
oAIkO gAaxioTo.

OEMA 30

a.

ApoU f napaywyioiyn oto R, TOTE kal n g €ival napaywyioiyn orto R wg
YIVOUEVO NApaywyiociywv ouvapTAoEwV o€ auTd. Apa n g €ival KAl OUVEXNG
oTto R.

3 . 3
'ETO1 N g €ival ouvexng aTo [0, E} c R kal napaywyioiyn oto (0, Ej c R pe

g'(x)=ef(x) +e’f'(x).
g(0)=e"f(0)=0 3
Eniong eivai 3} 2 3} apa g(O):g(—j.
g —|=e*| = [=0 2
2 2
Onote ano OBewpnua Rolle unapxelr eva TouAayxioTov ée(o, Ej WOTE

g'(§) =0 ef(€)+e’f'(§) =0 e*(f(§)+f(§) =0.

. 3) .
'Opwg et = 0 dpa NpokUNTEl OTI UNAPXEI TOUAAXIOTOV £va & € (0, Ej WaoTE
(&) = -f(8).

Aol f(x) = 2x2 - 3x gival

1(0)= [ g@)dx = [ e (2x* ~ 3xhix = [ [e*) (2x” - 3xkix =

= [e*ex® - 3x)] - [e*(2x* 3% dx =

= [e*ex® - 3x)]. - [e*(@x - 3)dx =fe* (x> - 3] - [ () (4x—3)dx =

= lerx® = 3x )] - [e*(ax - 3)] + j':e"(4x =3)'dx=




=[erox® —3x)] ~[e (ax—3)] + [ e - 4dx =

ool 3] o) -
= —e*(20> —3a)-€”(~3) +e" (40— 3) + 4e” — de” =

— —e*(20” —30)+3 +e* (4u—3)+4—4e" = T+e*(40-3-207 +30—4)=
—7+e"(-20° +7a-7) .

Apa I(a):7+e“(-2a2+7a—7),aeR.

7 7
Y- Eivaryiaa<0, I[(a)=7+¢" -a{—2+———2]
a a
o’ - = 20,
Exoune lim (¢° )= lim - = lim =% = lim =% =0
oL —»—00 o —»—00 L o—>—00 — e o—>—00 e
e(l
. 7 7
kal lim {—2+———2} =-2
o0 O o
Apa lim I(a) =7 +0(-2) = 7 .
OEMA40
a. H ouvaptnon g(x) ypagperai:
X3 1
g(x) =l [ f(t)dt -3 4| (x-1).
1

Eneidn n f eival ouvexng oto R, n ouvaptnon o(x)= J.f(t)dt givai
1

napaywyioiun o’ auTo.
Akdpa, n ouvaptnon A(x)=x’ eival napaywyioiyn oTo R ¢ NOAUWVUMIKH.

'ETOl n ouvapTtnon F(x):J.lx f(t)dt:¢5(h(x)) gival napaywyioiyn oto R wg
ouvBeon TWV Napaywyiciywv cuvapTnoswy h kai ¢ oTto R, pe

F'(x)= f(x*)-3x* =3x"- f(x).

. . 1 . .
Akoupa n ouvaptnon I(x)=3-|z+—|-(x—1) &€ival napaywyioiun oTo R pe
z

I'(x)=3- .

1
Z4+—
z

Enopyevwg n ouvaptnon g e€ival napaywyioiyn oto R w¢ Jdlagopad
napaywyicigwyv CuvapTnOEWY PE

g'(x)=3x" |- f(x*)-3- !

Z4+—
z




ApoUu g(x)>0 yia k@be x e R kai g(1)=0, n doopevn avicoTnTa ypAQETaAl:
g(x)>g(1) yia kabexeR.

'ETOol O4wG N g 010 Xo=1 napouaoiadel eAaxIioTo Kal eneidn €ival napaywyioiyn
0€ auTo cuvenayeTal ano 6. Fermat 6T g’(1)=0.

1
'OuwG g’(1):3-|z|-f(1)—3- z+—| kai €nedn f(1)=1 Ppiokoupe OTI
z
1
g’(l):3-|z|—3- z+—.
z
. . 1
Apou g'(1)=0, éneTar |z|= |z +—|.
z

2

Eneidn sivai |z|: , MPOKUNTEl OTI |z|2 =

1
Z4+—
4

1
zZ+— C}Z'E:(Z-i-l)'(f-i-%)
z z z

z 1
QZ'Z:Z'E+§+£+__<:>0:Zz+22+1<:>22+22:—1<:>
V4 V4 Z-z
: 1
<:>ZZ+ZZ:—1<:>2Re(zz):—1<:>Re(zz):_E_
Eivai

Z=(a+p-i)=a’-pB>+2af-i ondte Re(z’)=a’-p° kai Aoyw TOU
EPWTAMATOC Y EXOUUE:

@ =@ P @+ f) ==
Engidn a>B npokunTel OTI
a+ [ <0,onote f<-—a<0.
'ETol yia Tnv cuvapTnon f n onoia gival cuvexng oto R apa kai oo [2,3] €ival:
f(2)=a>0 kai f(3)=B<0, ondTe f(2)-f(3) <O.

Suvenwg, pappolovtag To Bewpnua Bolzano yia Tnv f oto didotnua [2,3],
CUMNEPAIVOUUE OTI unapxel x, € (a, B) tetolo wote f(x,)=0.




