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EKOQNHZEIZ

ZATnHa 1o

A.l.

A.2.

A.3.

B.1.

B.2.

Na ypdaweTte Tov TUNO nou Oivel TO VIOOTO Opo a4y, HIAC apiBUNTIKAG
npoodou (ay) Nou £XEI NPWTO OPO a; KAl dlapopd w.
(Movadeg 3)

Na ypAWeTe Tn OXeon METASU TwV NpayuaTikwv aplBuwv a, B, y, €10l
WOTE o1 aplBpoi auToi, Ye TN Osipd nou oag divovTal, va gival diadoxIKoi
Opol apIBuNTIKAG Npoodou.

(Movadeg 3)

Na anodeifeTe OTI To ABpoioua Sy TWV NPWTWV V OPWV HIAG YEWUETPIKNG
npoodou (ay), Mou €XEl NpwWTO OPO d; Kal Adoyo A = 1, givai:

'%V-l

(Movadecg 6,5)

>Tn othAn A JiveTal o npwTo¢ OpPoC a; KAl n dlapopd w TPIWV
apliBunTIKWV Npoodwv Kal oTn oTNAn B o viooTog Opog a, TEooapwv
apifunTikwv npoodwv. Na ypaweTe oTo TETPAdIO 0ag TO YpPAMMA TNG
oTnANG A kal dinAa ot kABe ypauypa Tov apiBud TNG oTAANG B nou
avTIOTOIXEI OTO OWAOTO VIOOTO 0pO.

ZTAAN A ZTAAN B
a.a,=1, w=-2 l.a,=-v
B.a;=0, w=3 2.a,=4v -3
Yy.a,=-1,w=-1 3.a,=3-2v

4.q0,=3v-3

(Movadeg 6)
Na XxapaktnpiosTe TIC MPOTACEIC nou akoAouBoUv ypagovTac aTo
TETPAOIO 0ag TNV &vdoeliEn Zwoto n AdBog¢ dinAa oTO ypAuua nou
avTIOTOIXEI O€ kKABE npdTaAON.

O1 apiBuoi -5, 5, 15, ye Tn osipd nou oag divovTal, gival diadoxikoi Opol
apléunTIKNG Npoodou.

O €1koaTOC OpOG TNG ApIBUNTIKNG Npoodou 10, 7, 4 ... €ival icog pe 20.

>& kaBe apiBunTIkn Npoodo (ay) yia Toug OPOoUG TNG dy, A4, dg IOXUEI N
oxeon 2d4, = 4 + Q.




B.3.

(Movaodecg 4,5)

Na ypaweTte oTo TETPAdIO OAC TO YPAWMA MOU AVTIOTOIXEI OTN OWOTN

anavrnon.
AV OE UIa YEWUETPIKN Npoodo 0 NpwToG 0po¢ €ival ioog Ye 1 kal o Adyog
ioog e 2, TOTE TO ABpPoICUA TWV NPWTWV V OpWV TNG €ival i0o E:

A

B
r.
A.
E

2" -1

2
2V - 1.
AR
1-2Y.
Kaveva ano Ta nponyoupeva.
(Movadeg 2)

ZATNHa 20

AiveTal To NOAUWVUO:

PX)=ax®>+ (B-1)x*-3x-2B+ 6

‘Onou a, B npayuarikoi apiyoi.

a) Av o apiBuog 1 eival pifa Tou noAuwvUpou P(X) kal To unoAoino TNng
dlaipeong Tou P(x) Ye To X + 1 €ival ico pe 2, TOTE va O&ifeTe 0TI @ = 2 Kal

B = 4.

(Movadec 15)

B) Ta TIC TIMEC TwV @ Kal B TOU epwTAPATOC (a), va AUCETE Tnv e€iowon
P(x) =0

(Movadec 10)

ZATnHa 30

AiveTal n cuvaprtnon:

f(X) = 2NUXOUVX — 2nNu°X — 40UV>X

OMnou X NPayuaTikog apiopoc.

a) Na peraTtpewete TN guvaptnon f otn popon f(x) = pnu(2x + @) + K, onou
p, ¢, K Npayuarikoi apiBuoi kai p > 0.

B)

Y)

(Movadeg 9)

Na BpeiTe yia noleg TINEG TOU X N ouvapTtnon f naipvel T YEYIOTN TIUN Kal
noia €ivai auTn.

(Movadeg 6)

Na AUogeTe Tnv €€iowon

f(x) - f(x +§j -2

oTto diaoTtnua [0, =].

(Movadec 10)




ZATnHa 4o
'Evag apiBuodg Baktnpidiwv TpinAacialeTal os apiBuod kabe pia wpa.

A. Av apxika unapxouv 10 Baktnpidia, va Bpeite To NARB0C Twv BakTnpidiwv
UoTepa ano 6 wpeq.
(Movadeg 9)

B. >To TEAOG TNG £KTNG WPAC 0 NANBUONOC TwV BakTnpPIdiwyv WekalsTal Pe Yia
oucia n onoia oTrapaTd Tov NOAAANAAQCIACUO TOUG KAl GUYXPOVWG NPOKAAEI
TNV kataoTpo®r 3° « 10 BakTnpidiwv ava wpa.

1. Na Bpeite To NARBOG Twv BakTnpidiwv nou anopévouv 20 wWpPeg WETA Tov
WEKAOUO.
(Movadeg 8)

2. MeTad anod noosc wpeg ano Tn OTIYUN Tou Wekaopou Ba kataoTpagoUv OAa
Ta BakTtnpidia;
(Movadeg 8)




AMNANTHZEIZ

ZATnHa 1o

A.l.

A.2.

A.3.

B.1.

O TUunog nou Oivel Tov VIoOTO OPO HIAG ApIBUNTIKAG NPoodouU PE APWTO
0po a; kai dlaPpopd w givai:

ay=0a; + (v-1o.

H oxeon nou ocuvdEsl TpelG 01adoxIKoUg OpouC WIag aplBunTikng npoodou
givar:

2B=a+y<B=(at+ty)/2

'EoTw @y, 4y, 43, ... , Gy Ol V NpwTol J1adoxIKoi 0pOol HIAG YEWMETPIKNAG
npoodou. ToTe To GBpoloua Toug S, Ba sivar:

Ss=a;ta+az+ .. t+ta e

oSy = ai+ A+ aA? + .+ ag AV (1)

MoAAanAacialoupe Ta peAN TNG (1) €ni A ka1 EXOUUE:

AeS,=aA+ aA’ + ...+ a\ (2)

A@aipoUpe ano Tn axeaon (2) Tn oxeon (1) Kal EXOUUE:

AS,-Sy=a N -a; &

sA-1S, =a(\ -1) &

< Sy =ai(AN-1)/(A-1), apoU A = 1.

O VvI00TOC OpOG PIag apliBunTIkNG npoodou diveTal anod Tov TUNO:
ay =0a; + (v-1w.

AvTikaBIoTOUME G’ AuTOV TIG TIMEC TWV 01 KAl @ TNG OTNANG A Kal
Bpiokoupe:

a. Ava; = 1 kal w = -2 TOTE:
ay=1+4+(v-1)e(-2) & a, = -2v + 3.
B. Ava; =0 kal w = 3 TOTE:

ay=0+(v-1)e3 <= a,=3v-3.
Y. Ava; = -1 kal w = -1 ToTE:

ay=-1+(v-1)e(-1) & ay = -v.




B.2.

Enopévwg:

. 'Exoupea =-5B=5,y=15.

MNa va eivai o1 apiByoi a, B kai y diadoxikoi 6pol apiBunTIKAG Npoodou,
npénel:

2B=y+ae2e5=15+ (-5),

nou 1oxUel. Apa n npdTaon €ival cOOTA.

. H apiBunTikn npoodocg €xel a; = 10, w = -3, onoTe:

G = a1 + (20 - 1) = 10 + 19 ¢ (-3) & Gy = -47,

apa n npoTtaon eival Aaeog.

Y. AQoU £xoupe aplBunTikn npoodo, 8a Ioxuel:

a4 =01+ 3w, 0, =0; + ®, g = a; + 5.

ToTe: 204 = 0 + Qs  2(a; + 3w) = a; + w + d; + 5w,
nou IoxUel, apa n npoTaaon €ival CWoTA.

Enopévwg:

ao 2, B A, Y& 2

B.3. 'EXOUUE YEWUETPIKA NpOoodo PE a; = 1 kal A = 2, onoTe:

A -1 2" -1
=1

=1 =2" -1
A-1 2-1

S

:a’l

14

‘Apa n ocwaoTn anavTnon ival n B.

ZATNHa 20

a)

Eneidn o apiBuog x = 1 eival pida Tou noAuwvUpou P(x) Ba €xoupe
P(1) = 0, ki1 apouU n diaipgon Tou P(x) pe 1o X + 1 agpnvel unoAoino 2,
g€xoupe: P(-1) = 2. OnoTe:

P(1)=0 {a+(B-l)-3-ZB+6:O {a-B:-Z {azZ
= = =
P(-1)=2 o+ (B-1)+3-2p+6=2 -a-p=-6 B=4




Ma TIG TIHEG a = 2 kal B = 4 To NoAUwVUPO P(X) ypageTal:
P(x) = 2x3 + 3x* - 3x - 2.
B) PX)=0=2x>+3x*-3x-2=0=2(x*-1)+3x(x-1) =0
S2x-1D)C +x+ 1) +3x(x-1) =0«
SxX-1)2xX*+2x+2+3X) =0 (x-1)(2x*+5x+2) =0 =

x-1=0 1 x=1 7
5 = , 1
2x°+5x+2=0 X=-2 1 X:-E

Apa: x=1nx=-21x=-(1/2).

ZATnya 30
a) Tvwpiloupe OTI:

2 1-ovv2x 2 1+ ovv2x
NU2X = 2 UXGLVX, MU X ZT,GDV X :T

onoTe:
f(X) = 2NUXOUVX — 2Nu°X — 40UV°X <

o f(x) :nuzx_zl-mz)\ax _41+c;)v2x

< f(X) = nu2x - 1 + ouv2x — 2 - 20UVv2X <
< f(X) = nu2x - ouv2x - 3.

'EoTw g(x) = nu2x — ouv2x, x € R. ToTe:

p=ya’ +B> =P+ (-1 =42 (1)

_B_-1_ N2
mw—p 5 5 (2)
o1 42
GDV(P_E__\/E = 3)

Ano Tig (2) kai (3) npokUnTel OTI:




B)

Y)

Enopévwg:

g(x)=~/2n u(2x - %}

Kal

f(x) = \/En u(ZX - %j -3

H f naipvel Tn p&€yioTn Tiun o6Tav 1o

s
2X -—
w262 ]

yiveTal yeyioTo, dnAadr oTav To nuiTovo €ival ico ye 1. ENopevwg npenel:

T T T
2x-— =1 2X -— |[=nu— <
T]H( 4j T]H{ 4) nuz

2X-£:2K7T,+£
& 4 2 ,HexKkeZ &
T T
2X -— = 2K+ TM-—
4 2

<:>2X:2KK+§+% JuekeZ <

3n
<:>X:K7:+? ,hexkeZ

TOTE n PEYIOTN TIUN €ival:

f(mw?j V21— 3©f(1<n+—j J2-3 uexeZz
f(x) - f(er j V2 &
<:>\/_nu( x-—} 3- \/_nu{( ZJ—%}A:\E@

@fnp(Zx-Zj \/_np(2x+4j V2 &




@np(b{ -%j —nu(2x +§J =le

S Nu2x - cvvg—nu%- GLV2X -nu2x-csvv§—nu£-cvv2x =1

= -nu%- GLV2ZX -nu%- ocuv2x =1 &

V2 1 V2

<:>-27-cvv2x =] ovv2x =

V)

3n 3n
<:>cvv2x:cvv7<:>2xz2mti7, onov ke Z &

3n
<:>X=K7I:i§, onov ke Z

'Opwe, x € [0, n] dnAadn 0 < x <n. Enopévwg:
e Av

T
X =KT+—:

8
0SKT[-i—%STE,u&‘KEZC}-%SKTES%,MSKEZC}

3 5
S -—<Kk<—,ue ke’
8 8

apa k = 0 kal
IEL
8

X

3n 3n Iln
OSKTE—?STE,].LSKEZ@?SKTEST,MEKEZ@

3 11
S —<KS—,ueKke’
8 8

apa k = 1 kai




ZATnHa 4o

A. Eneidn o nAnBuopoc Twv Baktnpidiowv TpinAacialeTal kGO wpa, onUeivel
OTI ANOTEAEI YEWUETPIKN NPOodo PE AOyo A = 3.
Eneidn apxika exoupe 10 BakTnpidla, OTo TEAOG TNG MpwTNG wpag Oa
unapyouv 30 Baktnpidia, apa
a; = 30. Enopévwg:
a,=a;e ANt a, =303
Kal:

0 = 30 ¢ 3°!1 = 30 e 3% = 30 ¢ 243 < a¢ = 7.290 BakTnpidia.

B.1. Eneidn pe Tov wekaopod kataoTpépovTal 3° ¢ 10 BakTtnpidia, o 20 wpPEG
Ba Exouv kaTaoTpagei:

3°e 10 ¢ 20 = 27 « 200 = 5.400 BakTnpidia.
‘Apa anouEvouV:
7.290 - 5.400 = 1.890 BakTnpidia.
B.2. 'Eotw OTI Ta BakTnpidia kaTaoTpEPovTal JETA anod t wpec. TOTE Ba npenel:
te3°e 10 =7.290 & 270t = 7.290 & t = 7.290/270 & t = 27 wpeG

Enopevwg 0Aa Ta Baktnpidia Ba £xouv kATaoTpa®ei PeETa anod 27 wpec.




